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ABSTRACT

This is an interim report which summarizes work
during the past six months on a theoretical study of
some aspects of the interaction between a drifting
stream of electrons with transverse cyclotron motions
and an electromagnetic field. Particulaf emphasis
is given to the possible generation and amplification
of millimeter waves. The report includes a discussion
of the conditions for amplification, both forward
wave and reverse wave, when a spiraling filamentary
electron beam interacts with the TEM Waves of an
uniform circuit, and also gives some start-oscillation
data for a reverse wave oscillator. The relativisitic
origins of the amplification and oscillation are

discussed.
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I. INTRODUCTTION

The objective of this research pfogram is to
explore theoretically some aspects of the interaction
between a drifting stream of electrons having trans-
verse cyclotron motions and an electromagnetic field;
particular emphasis being given to the possible
~generation and amplification of millimeter waves.
Because of the interest in possible applications to
millimeter wavelengths, this study conceﬂtrates on
electron stream - electromagnetic field interactions
which involve an uniform, or fast-wave, circuit
structure.

This interim report summarizes the development
of the coupled mode theory for the interaction of
a spiraling filamentary electron beam with an uniform
circuit with TEM waves. The conditions for amplifi-
cation in both forward wave ahd reverse wave device
configurations are discussed. It is shown that the
possibility of amplification associated with the
interaction between a spiraling filamentafy electron
beam and a TEM circuit is a consequence of the
relativistic dependence of the electron mass on
velocity. A limited amount of startf-oscillation
data for a reverse wave oscillator configuration

are given. A preprint of a paper discussing spiraling
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filamentary electron beam interaction with fast wave
circuits that was presented at the MOGA 68 meeting is

included as the Appendix.



ITI. SPIRALING FILAMENTARY ELECTRON BEAM INTERACTION
A, Coupled Mode Theory

A small signal, coupled mode theory for the inter-
Aaction between a spiraling fllamentary electron beam
and the circuit waves of an uniform circuilt has been
vdeveloped. Some aspects of this theory have been
presented in previous Semiannual Status»Reports.l
This coupled mode theory was discussed in a paper
entitled "Spiraling Electron Beam Interaction with
Fast Wave Circuits" presented at the 7th International
Conference on Microwave and Optical Generation and
Amplification (MOGA 68) in Hamburg, Germany on
September 19, 1968, and will be published in the
proceedings of the conference. A preprint of this

[Vefa eled

paper is smemmed- as the Appendix for this report.

There are two differences which may be noted
between the coupled mode theory discussed in the
MOGA 68 paper and in the previous Semiannual Status
Reports. First, an error in the development of the
coupied mode theory was found and corrected for the
MOGA 68 paper. This involved primarily the V wave of
the spiraling filamentary electron beam. The correct
development changes the w - B diagram for the V beam
and also allows a simplification‘of the coefficienﬁs”.

of the coupled mode equations. The second difference is

3



the introduction of more convenient normalization
factors for the electron beam and circuit waves.

. Hereafter, the coupled mode equations used for the -
interaction between a spiralingvfilamentary electron
beam and a TEM ciréuit will be those presented in the

MOGA 68 paper (Equations (8) of the Appendix).

B. Amplification

The possibility of amplificaﬁion resulting from
the interaction between a spiraling filamentary electron
beam and the TEM waves of an uniform circuit has been
investigated for both a forward wave, Figure la, and
a reverse wave, Figure 1b, interaction. In each case
it was assumed that the input and output circuits
were identical to the interaction circuit. Although
there are a total of ten electron beam and circuilt
waves, only six waves couple appreciably to provide
the possibility of amplification (Appendix, Section 3).
These six waves are the Fi and G; circuift Waves{and
the P;, P', V, and W beam waves.

The overall w - B diagram for the coupled wave
system for typical parameter values is shown 1in
Figure 2. There are two frequency ranges which have
complex phase constants and are of interest for

possible amplification. These frequency bands are
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FIGURE 1. Schematic diagrams for spiraling filamentary
electron beam - TEM circuit amplifier configurations. In
each case the electron beam spirals from left to right in
the interaction region.

(a) Forward wave amplifier.

(b) Reverse wave amplifier.
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centered around frequencies on either side of the
relativistic cyclotron frequency, nw,; the upper
frequency is w, = nwc/(l ~ o) and the lower frequency
is wy = nwc/(l + o), where ¢ = io/c.

At both frequencies, 0y and Wy the possibility of

amplification was éxplored for six wave interaction
(Fl, G;,.PL, P', V, and W) over the interaction length -
L. The boundary conditions used were the continuity
of the electric and magnetic fields at z = 0, L and
the absence of any electron beam modulation at z = 0.
A digital computer was used to calculate the six ﬁhase
constants for the coupled system, and then to calcu—
late the output signal amplitude as a function of the
interaction length L for a unit amplitude input signal.2
For the calculations, a value of «w/27 = 10 GHz was
assumed. In addition, the area of the TEM circuilt was
arbitrarily assumed to be equal to the area of a square
wavegulde whose cutoff frequency for the lowest mode 1s
W, ,

For the lower frequency of interest, Wy, NO ampli-

fication was found for either the forward wave or the

reverse wave configurations. A wide range of values

!

of the longitudinal velocity parameter o = éo/c and

the rotational velocity parameter ¢t = w ro/c were

c
explored. As a consequence, it is believed that under
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no circumstances would gain be found for spiraling
beam interaction with a TEM circuit in the neighborhood
of 0.

However, for the upper frequency of interest, 0,
~gain was found for both the forward wave and the reverse
wave configurationé over a range of values for ¢ and g.
The more.critical parameter appears to be ¢; a value of
o = 0.01 gave gain, while values of 0.001 and 0.10 gave
no gain. Figure 3 shows the gain versus interaction
length for several values of o and t for the reverse
wave configuration with a matched load. Figure M;gives
a typical result for the forward wave configuration with
a matched load. In both of these figures the inter-
action length is measured in terms of N, the number of
cycles the d-c¢ spiraling filamentary electron beam
makes 1n the interaction region.

It is interesting to note.fOr the reverse wave
configuration, Figure 3, that the gain (for parameter
values for which it exists) has a single maximué as a
function of N and falls off rapidly for large values
of N. On the other hand, for the forward wave con-
figuration, the gain has several maxima in the range
of N explored. 1In this case, the gain exhibits some
of the characteristics of a beating wave phenomenon.

Clearly, however, the amplification for the spiraling

8



)OI 0¢

‘¢ HYNDIA

(S3710AD) N HLON3T NOILOVHILNI

Ol

g -

02
T

'NOILOVHIL
-Nl WV3E ONITVHIdS IAVM

3S43A3Y HO4 (N'S3ITOAD
NV38 40 Y3EWNN) HLONIT
NOILOVYILNI 'SA €4 NI NIV9

ol-

(€d) NIVO



“ho HYNHIA

(S310A9) N HloNIA NOILOVYILNI

00| oS - 02 0l G
I ‘ T T

PR

d3I4IMdNY
JAVM 3SYIAIY

34 ITd WV
AV QYVMYOS

w—l

(84a) NiIve

($0=3 ‘100=9)
SYIIIITINY IAVM 3ISHIAIY any
JAVM QUVMYOd HO4 (N*S3IT9A5 =
WV38 40 ¥3IaWNN) HLiO9NIT
NOILOVHILINI "SA 8a NI NIVO | .




filamentary electron beam interaction with a TEM circuit
has a different behavior than does the amplification
in a conventional traveling wave tube.

The initial_gain calculations were all made
assuming a matched load for the amplifier. The effects
of a mismatched loed oﬁ the amplification were briefly
explored for the reverse wave amplifier with o = 0.01,

t = 0.40. Using the optimum interaction length of N = 24
for the matched load case, the gain was cemputed for

four values of load mismatch; the results are shown in
Table 1. It 1s seen that the galn can be increased by
using a load which is not maeched. The optimum load
impedance was not sought, since the interaction 1s of
more interest for possible application to oscillators

than to amplifiers.

"é& Gai db
o ain,
1.0 8.17
1.1 8.77
0.9 7.38
1.0 + jo.1 9.73
1.0 - jO.1 6ﬂ80

Table 1. Reverse wave amplification

for a mismatched load.
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C. Relativistic Origin of the Amplification

The question ofkthe role that relativistic effects
play in the amplification produced by the interaction
between a spiraling filamentary electron beam and a
TEM circuit has been explored. This has been accom-
plished by developing the coupled mode theory while
neglecting relativistic effects; this theory was then
compared to the previous coupled mode theory which
included relativistic effects. The non-relativistic
expressions generally follow from the relativistic
expressions by setting n = 1.0 and ¢ = ¢ = 0 (although
the latter is not strictly correct in all cases).

The major results for the nCn—reiativistic case

are the beam wave definitions

P! = C(u} + u'), (1a)
P! = C(u} - u'), (1b)
Q) = Clul - Jurl), (1c)
Q! = c(u! + ju,r!), (14)
vV = 2Cz/t, (le)
W = 2Cw,z,/t, (1f)

(the circuit wave definitions are unchanged),and the
coupled wave equations

G+ 38 )P + KL(L —o)(F) + F1+(1 +0)(GL + G1)] = 0, (2a)

12



(3= + 38 )P + K[(1 - 0)(F} - F1)+(1 + 0)(G} - G1)] = 0, (2b)

(3o + 38, + 38)QL + K[(1L - 0)F] + (1 + 0)G1] = 0, (2¢)
(3= + g8, - 38 )Q! + K[(1 - o)F! + (1 + 0)G!] = 0, (2d)
(%E + §8,)V = JK(FL - F! - G} + G!) = 0, (2e)
G+ g8 W - BV = 0, (2r)
(3 + Jk + Je)FL - K(P! + B!) = 0, (2g)
(3= + Jk - j8)F! - K(P] - P!) = 0, (2h)
(3= - Jk + je )6l + K(PL + P!) = 0, (21)
35 - Jx - §8)6! + K(PL - B1) = 0. (25)

The terms in o which appear in the first four of the
coupled wave equations, (2a) - (2d), arise from the magnetic
field terms in the force equation. These might be con-—
sidered terms of relativistic order and neglectéd, but
the conclusions to be given below would be unchanged.

There are two main differences between the relativ-
istic and non-relativistic expressions. First, the P;
and P' beam waves are not coupled in the absence of a
circuit wave in the non-relativistic theory (comparé

Equation (2a) above with Equation (8a) of the Appendix).

13



Thus the weak instability of the spiraling filamentary
electron beam in the absence of a circuit wave (see
Equations (10a) and (10b) of the Appendix) is a
relativistic effect.

Second, comparing Equations (8g) to (83j) of the
Appendix with Equaéions (2g) to (2j) above, it is seen
that in the non-relativistic theory the V beam wave 1is
not coupled into the circuit wave -equations, while it
is in the relativistic theory. This coupling of the V
beam wave to the circuit waves is bélieved to be one
of the basic elements of the amplification mechanism
and 1is discussed further below.

The overall w - é diagram for the non-relativistic
coupled wave system 1s shown in Figure 5. Comparing
this w -~ B diagram with the w - g diagram for the
relativistic coupled wave theory, Figure 2, the main
difference is seen to lie in the character of the phase
constants in the neighborhood of W, Whereas thé
relaﬁivistic theory gives a complex conjugate pair of
values in addition to a set of real values for B8, the
non-relativistic theory yields a set of values for B8
which are all real. Because of this difference in the
character of the values for 8 in the neighborhood of
W, the non-relativistic theory predicts that no

amplification will be found for the interaction of a
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spiraling filamentary electron beam with a TEM circuit.

Thus, we conclude that the occurrence of amplification
in the neighborhodd of mu when a spiraling filamentary
electron beam interacts with a TEM circuit is a relativistic
effect. It is interesting to note the profound influence
on the possibility of amplification produced by the
relativistic.effect. And this is true even though the
actual velocities involved need not be in the range
normally considered relativistic.

The basic mechanism which produces the éﬁplification
is believed to be the coupling between the V beam wave
and the circuit waves. This coupling is caused by the
relativistic dependence of the electrons' mass on
their velocity, so that their ftransverse motion is
coupled to their longitudinal motion. Since the trans-
“verse motion is coupled to the circuit waves, the
1ongitudina1 motion is also. The coupling of the V
beam wave to the other waves provides a mechanism for
the transfer of d-c axial kinetic energy of the:electrons
into a-c¢ energy distributed among the various waves of
the coupled system in the neighborhood of W . This
leads to the possibility of amplification for the
spiraling filamentary electron beam - TEM circuilt system.
The fact that several waves can interact strongly means

that the details of the interaction are complex and
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not easily described.

D. Oscillation

The possibility of oscillation in a spiraling
filamentary electron beam - TEM circuit system has
been investigated; in particular, the reverse wave
oscillatbf configuration of Figure 6 for frequencies
in the neighborhood of w,- The procedure followed
was to consider the device as a reverse wave ampli-
fier with a unit amplitude Input signal and use a
digital computer to calculate the gain for various
parameter values, searching for a set of values
which gave infinite gain. This set of parameter
values gives the start-oscillation conditions for
the device.

The veloclty parameters were held fixed at

¢ = 0.01, ¢t = 0.20, and three values of the d-c beam

1t

current, I 0.01, 0.10, and 1.0 amperes, have been

o}
explored. The parameters varied to establish the
start-oscillation conditions for each value of the

d-c beam curreﬁt were the start-oscillation interaction
length NS (measured in terms of the number of d-c beam
cycles) and the ratio of the start-oscillation frequency
g to w, = nwc/(l -~ o). The numgrical results for the

start-oscillation conditions for the reverse wave

17
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FIGURE 6. Reverse wave oscillator configuration for
spiraling filamentary electron beam interaction with a
TEM circuit.
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oscillator are given in Table 2.

D-C Beam Start- Start-" Normalized
Current Oscillation Oscillation Start—

Io’ amp. Frequency, Length, Ns’ Oscillation
ws/mu Cycles ~ . . Length, KLS
0.01 0.9980 238 0.652
0.10 0.9966 85.1 0.736
1.0 0.9969 33.8 . 0.924

Table 2. Start-oscillation conditions
for a reverse wave oscillator
(¢ = 0.01, ¢ = 0.20).

Although the data avallable are limifed, some
conclusions may be drawn from the start-oscillation
conditions given in Table 2. First, the start-
oscillation length measured in d-c beam cycles, Ns’
decreases with increasing d-c beam current Io' Based
on the three data points available, approximately

N, = 33.8 12010, (3)
A normalized start-oscillation length KL  is given in
the fourth column of Table 2. Here, K is the coupling
factor for the interaction system (K is. defined follow-
ing Equations (8) of the Appendix), L is the start-
oscillation length in meters, and the product is
dimensionless. Based on the three data points,

KL, = 0.924 12-10, ()
Thus KLS is seen to be a very slowly varying function

of the d-c beam current Io.
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The start-oscillation frequehcy is seen.to lie
very close to w5 within 0.05% in the three cases
considered. The dependence on the d-c beam current
does not follow a simple pattern, which is perhaps
not surprising since a relatively complex six wave
interaction occurs.

From the discussion éf the preceding section, it
is clear that the occurrence of oscillations is pro-
duced by the relativistic dependence of the electrons'
mass on their velocity. Without this relativistic
effect, the interaction of a spiraling filamentary
electron beam with a TEM circuit would not produce
oscillations. It is seen that this coupled mode theory
is effective in establishing the start—oscillation con-
ditions for spiraling filamentary electron beam inter-
action with fast wave circuits. In the future, this
theory will be applied to the more practical case of
spiraling filamentary electron beam interaction with

the TE modes of a square or circular waveguide.
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